Introduction
Mechanical behavior of a composite material depends on parameters of its microstructure such as number and volume fractions of its constituents and their relative arrangement at the microlevel. Different approaches have been developed to calculate effective material properties from microstructural information ͓1,2͔. Bone is a hierarchical composite whose mechanical properties are scale-dependent. Its effective mechanical properties and, therefore, the ability of bone to withstand fracture depend on its structural organization. Micro-macro strategies are becoming more important for the mechanical characterization of bone ͓3,4͔. The influence of porous structure on the elastic properties was analyzed in Ref. ͓5͔ and used to estimate partial porosities from overall elastic moduli for a particular type of morphology of cortical bone.
Bergman ͓6͔ introduced an analytical Stieltjes representation for the effective complex permittivity of a two component mixture. This representation was exploited to bound effective permittivity of composites given information ͑volume fraction͒ about its constituents ͓6-8͔. Later, this approach was used to derive bounds for the effective elastic properties of a composite material ͓9,10͔. This technique was recently applied in biomechanics to calculate bounds for the effective shear modulus of cancellous bone filled with bone marrow subjected to torsion within the framework of linear viscoelastic isotropic materials ͓11͔.
The Stieltjes representation analytically relates effective properties to microstructural information through the spectrum of a linear operator that naturally arises in the problem ͓6,8͔. Using this representation, bounds for effective properties of composite material can be derived from information about its constituents ͑properties, volume fractions, and type of symmetry͒. These techniques are very successful when the constituents of the composites have a low contrast ratio. For high contrast constituents, bounds are very broad, which restrict their use. This fact has prevented the use of this technique in biomechanics where constituents usually have very different mechanical properties such as in cancellous bone considered as a composite of trabecular tissue and bone marrow. The Stieltjes representation can also be used to recover microstructural information of clinical relevance from effective properties. In this line of research, a method called inverse homogenization was developed to estimate parameters of the microstructure of the composite medium using measurements of the effective complex permittivity ͓12͔. The method is based on the reconstruction of the spectral measure in the Stieltjes analytic representation ͓13,12͔. The spectral measure contains all information about the microgeometry. It was shown that the spectral measure can be uniquely recovered from the measurements of the effective property over a range of frequencies ͓12͔. However, the reconstruction requires regularization because the problem is ill-posed. After recovery of the spectral function, geometric parameters can be calculated. In particular, the zero moment of the spectral function equals to the volume fraction of one of the components; higher order moments contain further microstructural information ͓6,8,14͔. This method was successfully applied to estimation of brine volume in sea ice from measurements of effective permittivity in Ref. ͓15͔, where comparison with laboratory measurements of the brine volume of sea ice demonstrated an excellent agreement. The advantage of the method is that no a priori information about the microstructure is needed.
Within the framework of linear viscoelasticity, the inverse homogenization method was used to successfully recover the porosity of cancellous and compact bone from measurements of its complex shear modulus. Bone microstructures were idealized as third rank laminates or as a hexagonal array of cylinders ͓16-18͔. Idealized micro-architecture was used in these studies for valida-tion purposes. The ill-conditioning of the problem might change drastically with real microgeometry. In the present paper, we used micro-CT images of real bone microstructures to address this problem. The developed method does not use any specific assumptions about the microgeometry of the composite and is applicable to any two-phase composite medium. In the absence of experimental measurements of the effective shear modulus, we used finite element method numerical simulations to calculate complex shear modulus of cancellous bone for different frequencies. In any case, experimental validation is very expensive and time consuming, and computer simulations performed at the first stage of validation can save time and money. Besides the data of the complex shear modulus of cancellous bone, the method requires a priori knowledge of the properties of the constituents ͑trabeculae tissue and bone marrow͒, which in practice could be known with some uncertainty. These properties are subjectspecific and depend also on pathologic conditions. To address this issue, normally distributed random functions were added as noise to simulate uncertainty in the properties of the constituents. A different normally distributed random function was added to the effective complex modulus to simulate possible experimental errors. We used these data as input for the developed method and reconstructed the spectral function by solving inverse problem. Then the bone porosity was calculated as a zero moment of the spectral function. Results of numerical simulations show that the values of porosity calculated from the effective shear modulus are in good agreement with the model values even for data with high level of uncertainty.
The outline of the paper is as follows: first, in Sec. 2, we very briefly introduce the Stieltjes representation for the effective complex shear modulus of a heterogeneous material. Next, we develop the forward model, which is used to determine the effective properties of cancellous bone from properties of its constituents: trabecular tissue and bone marrow. In Sec. 4, we present the inverse algorithm used to recover porosity from given effective properties. Section 5 contains the results of numerical simulations and discussion.
Spectral Representation of Effective Material Properties
A Stieltjes function with special analytical properties representing the effective complex permittivity ⑀ ‫ء‬ of a two component mixture was introduced to derive bounds for the effective complex permittivity of a binary composite material ͓6-8͔. The Stieltjes analytical representation was also used to extract specific information about the microstructure ͓19,20,15,21,13,12,22͔ . This representation of the effective permittivity of the composite depends explicitly on the properties of its constituents ⑀ 1 and ⑀ 2 through a complex variable s defined in terms of the permittivity of the materials in the mixture. For a binary composite, the representation for a function F͑s͒ =1−⑀ ‫ء‬ / ⑀ 2 is ͓6,14͔
Here ⑀ ‫ء‬ is the effective complex permittivity of the mixture and ⑀ i is the permittivity of the ith material, i =1,2. This representation is valid for other physical properties such as diffusivity and electrical or thermal conductivity. The nth moment n of the function
It was proved ͓6,8͔ that the zero moment of the measure gives the volume fraction of one of the components. Higher order moments give further microstructural information ͓14,23͔. In Refs. ͓9,10͔, this Stieltjes representation was generalized for the case of elastic properties. However, due to the higher order of tensors involved in continuum mechanics, the relation between the variable s in Eq. ͑1͒ and the properties of the constituents is more complicated. An exception is the case of torsion where the problem can be reduced to the form similar to the problem for complex permittivity. Under simple assumptions on torsion behavior of the composite, Tokarzewski et al. ͓11͔ showed that for linear viscoelastic constituents, the effective complex shear modulus has the Stieltjes representation of F͑s͒ of the form of Eq. ͑1͒ with s retaining its connection with the properties of the constituents. The proof involves two-scale asymptotic expansions of the displacement vector and is done under the supposition that the composite follows Saint-Venant assumptions for torsion. This Stieltjes representation for complex shear modulus is valid as long as the constituents in the microstructure are isotropic or/and transversely isotropic, and it is independent of the relative arrangement of the constituents. In other words, the composite at the macrolevel can have any symmetry or none at all ͓18͔. The method is valid for two-dimensional ͑2D͒ sections of composite and also for three-dimensional ͑3D͒ volumes as long as the Saint-Venant principle for torsion holds ͓11,18͔. In this case, the Stieltjes representation is given exactly by Eq. ͑1͒, we recast it here in terms of shear moduli
Here eff ‫ء‬ is the effective complex shear modulus of the composite, and i is the complex shear modulus of material i, i =1,2. In this case, the zero moment of the function gives us the volume fraction of one of the constituents
Here, p 1 is the volume fraction of the constituent with shear modulus 1 . In our case it might be either the volume fraction of bone marrow or of trabecular tissue depending on how the problem is formulated. Summarizing, the spectral representation in Eq. ͑3͒ separates information about the properties of the constituents contained in variable s from geometric information about the bone morphology. This geometric information is enclosed in the spectral function ͑t͒. This representation can be generalized to multimaterial composites and used to bound their effective properties.
Effective Complex Shear Modulus of Bone: Forward Model
In order to recover porosity using the spectral function ͑t͒, experimental ͑in-vivo or in-vitro͒ values of effective complex shear ‫ء‬ of cancellous bone and its constituents in a range of frequencies are required. Five micro-CT scans of a T12 vertebra of a 79 year old white male donor were used in this work. One of the micro-CT images is shown in Fig. 1 . In the absence of experimental data, the effective complex shear modulus of the bone samples was numerically calculated using the finite element method. At the microlevel, we consider cancellous bone as a composite of trabecular tissue and bone marrow. Trabecular tissue is considered to be transversely isotropic, and bone marrow is modeled as an isotropic fluidlike solid. Under the assumption that cancellous bone satisfies the Saint-Venant principle for infinitesimal torsion, the governing equation at the microlevel can be reduced to ͓18͔
Here U͑x͒ is a potential function such that ٌU͑x͒ is the shear strain ⑀, and ͑x͒ is the complex shear modulus of the composite.
Having introduced a characteristic function ͑x͒ that takes a value of 1 if x is in the bone marrow phase, x ⍀ 1 , and 0 if x is in trabecular tissue, x ⍀ 2 , we can represent shear function ͑x͒ as ͑x͒ = ͑x͒ 1 + ͑1−͑x͒͒ 2 . Here, 1 and 2 are the complex shear moduli of bone marrow and trabecular tissue, respectively. Notice, that i is a complex function that depends on frequency.
The boundary conditions for partial differential equation ͑5͒ are given by a drop of potential U along the X 1 axis and periodic no flux conditions on the upper and lower edges of the domain ⍀ = ⍀ 1 ഫ ⍀ 2 ͑see Fig. 1͒ .
The reduced governing Eq. ͑5͒ has the advantage that the entire material property tensors are not needed, only the shear moduli of bone marrow and trabecular tissue are required to calculate the distribution of shear strains and stresses in the sample. Proof of the validity of the reduced governing equation can be found in Refs. ͓11,18͔. Equation ͑5͒ was solved by the finite element method implemented in COMSOL MULTIPHYSICS for real bone microstructures retrieved from the micro-CT scans.
The effective shear modulus of cancellous bone can be calculated from the distribution of numerically determined stresses and strains through the following relation:
Here, and ⑀ are the shear stress and strain, and the sign ͗ · ͘ represents the averaging operation such that
with V being the volume of the computational domain ⍀. For validation purposes, we compared the finite element implementation with the analytical solution for hexagonal cylindrical arrays derived in Refs. ͓11,18͔. In this validation study, the cylinders were filled with trabecular tissue and the matrix material represented bone marrow. The results are in perfect agreement, they are shown in Fig. 2 . The effective shear modulus of the hexagonal structure calculated using the finite element method is shown by black circles, while the semi-analytical solution calculated using the method of Tokarzewski et al. ͓11͔ is given by the solid line. The excellent agreement of the numerical results obtained with two different methods justifies the use of the finite element method in calculations of the shear modulus for the real bone morphology.
The Shear Properties of Trabecular Tissue and Bone
Marrow. Multidirectional properties in compression of human trabecular tissue were recently determined with subnanometer resolution ͓24͔. Results suggest that trabecular or cancellous tissue at the microlevel can be represented as a transversely isotropic material. Poisson ratios and elastic moduli in the longitudinal, postero-anterior and latero-medial directions of twenty one specimens of cancellous bone tissue of seven fresh femoral heads were reported in Ref. ͓24͔ . Using the constitutive theory of linear elasticity we determined the shear modulus from the reported data. For a transversely isotropic material with x 3 taken as the axis of symmetry, shear modulus 12 of trabecular is given by 12 = E 12 / ͑1+ 12 ͒ with 12 = 12 ⑀ 12 . Here, E represents the Young's modulus, and is the Poisson ratio. Therefore, using data from Ref. ͓24͔, the shear modulus of trabecular tissue is calculated as 12 = = 2.23 GPa. This value was used in numerical simulations with the finite element model. It is known that bone marrow is a thixotropic material, but we do not model the thixotropic properties because we are interested in the steady state response of bone marrow and not in the transient response between states for different strain rates. The fluid phase behaves as a Newtonian fluid ͓25͔. In shear, bone marrow presents a non-Newtonian behavior due to the solid phase. However, this non-Newtonian behavior can be modeled as piecewise linear, and it can be considered as linear within a certain range of strain rate ͓26͔. The solid part of bone marrow is composed of cells whose viscoelastic properties can be described by a standard linear solid model ͓27͔. Unfortunately, there are not enough experimental data to fully characterize the non-Newtonian behavior of bone marrow. The model of bone marrow we present here is derived from the non-Newtonian shear rate dependent viscoelastic properties published in Ref. We model the shear response of bone marrow using a fourparameter Maxwell model, which is composed of two parallel Maxwell elements ͑see Fig. 3͒ ; it behaves as viscoelastic fluid. Its viscoelastic relaxation function depending on time t , t Ն 0 consists of two decaying exponentials characterizing the fading memory
Here G i is the elastic spring constant of the ith Maxwell element, i is its relaxation time, and i = i / G i with i representing the viscosity or viscous resistance coefficient of the ith dashpot. The corresponding complex shear modulus is given by where is the frequency in rad/s. To characterize the non-Newtonian behavior of bone marrow due to its solid part, we assume that i depends on strain rate ⑀
T͑⑀͒ is a degradation function that characterizes the nonNewtonian behavior of bone marrow, and 0,i is the viscosity at the ground state of equilibrium corresponding to the Maxwell element i. Properties in the ground state of equilibrium can be measured by the application of very small forces and deformations that do not disrupt the internal structure ͓28͔. Sobotková et al. ͓26͔
reported the steady flow viscosity s ͑⑀͒ for human bone marrow ͑solid+ fluid parts͒. The relation between the steady flow viscosity and the ground state viscosity is given by
To model the steady state flow viscosity of bone marrow, we approximated data reported in Ref. ͓26͔ using nonlinear regression. Our model for steady flow viscosity is the following:
͑12͒
with a i , b i , and ⑀ i,0 being constants and ⑀ being the strain rate. The results of the nonlinear regression analysis are given in Fig. 4 . The values for the parameters are presented in Table 1 . From Eqs. ͑11͒ and ͑12͒, we obtain the ground state viscosity as
͑13͒
In the absence of experimental data that would determine the degradation functions T i ͑⑀͒ in Eq. ͑10͒, we assume T i ͑⑀͒ = P i ͑⑀͒ as an approximation. This has the advantage that the complex shear modulus of bone marrow is very insensitive to changes of strain rate between 10 −5 s −1 and 10 s −1 . This is the range where bone marrow behaves as a Newtonian fluid ͑Fig. 4͒, and this insensitivity allows to approximate the strain rate dependent i of our model ͑Fig. 3͒ given in Eq. ͑10͒ using a fixed strain rate ⑀ no greater than 20 s −1 ͑linear regime͒. In our simulations we set it to 10 s −1 . In this way, for a sufficiently small range of frequencies in harmonic motion, we can ensure that the maximum shear rate will be less than 20 s −1 and therefore within the linear response of bone marrow. Experimentally this can be achieved by reducing the amplitude of the harmonic motion as the frequency increases.
We assume that the elastic coefficients of the model are not strain rate dependent. The elastic constants are approximated using properties of fat tissue in breast. The instantaneous shear modulus G g of adipose tissue from breast was reported to be around 0.5-25 kPa ͓29͔. For the discussed Maxwell model, the instantaneous modulus is given by
To regard this condition, we assigned values for G i in the model such that their sum is equal to 25 kPa. Having all the parameters for the model of bone marrow, we calculate the shear complex modulus using Eq. ͑9͒. Figure 5 shows the real and imaginary parts ͑storage and loss moduli, respectively͒ of the complex shear modulus of bone marrow. Figure  6 shows the effective complex shear modulus of cancellous bone calculated for one of the specimens.
The calculated values of the effective properties are quite low, Transactions of the ASME but this could be explained by specifics of the two-dimensional problem and the neglected connectivity of trabecular tissue. As it was mentioned previously, due to our assumptions, the problem at the microstructural level is reduced to solution of a partial differential equation for a potential function. In the computational domain, the trabecular tissue is completely surrounded by bone marrow, and therefore the boundary conditions are directly applied to bone marrow. Due to the high viscosity of bone marrow, most of the energy is dissipated before being transmitted to the trabecular tissue. However, our computational model is sufficient to address the problem of effect of geometry in the spectral representation of effective complex shear modulus in terms of ill-conditioning of the inverse problem.
Recovering Porosity: The Regularized Inverse Problem
This section discusses the problem of recovering porosity and the spectral function ͑t͒ from measurements of the function F͑s͒ given in Eq. ͑3͒. It is shown in ͓12͔ that the spectral function in this integral representation can be uniquely reconstructed if the effective property of the composite is known along some arc in the complex plane s. Such data can be obtained from measurements in an interval of frequency provided that at least one of the constituents is frequency dependent ͓12͔. This method was used successfully to recover porosity of bone from effective shear modulus for idealized bone microstructure ͓16,18͔.
Function ͑t͒ can be reconstructed either from the real or imaginary part of function F͑s͒ using Eq. ͑3͒. Using s = x + iy and separating real and imaginary parts of function F͑s͒, we obtain
͑15͒
To find function ͑t͒, one needs to solve one of these integral equations. However, the reconstruction problem is ill-posed. This means that small variations in the data or computational noise can lead to arbitrary large variations in the solution. The high contrast between the properties of trabecular and bone marrow tissues tremendously increases ill-posedness of the problem, making the values of the complex variable s corresponding to measurements at different frequencies to be very close to each other on the complex plane. In this case, previously developed regularization techniques do not work very efficiently. To deal with this problem, a change in variable t = e z is introduced. In terms of this new variable z, integrals above can be rewritten as follows. The integral equation for the real part of the function F͑s͒ is transformed to
and for the imaginary part:
Here, we have written d͑t͒ as d͑t͒ = ͑t͒dt.
Assume that the values of effective complex modulus ‫ء‬ are known at several frequencies, 1 , 2 , . . . , m . These data provide discrete values of the function F͑s͒ : F͑s 1 ͒ , . . . ,F͑s m ͒. We discretize the integrals in Eqs. ͑16͒ and ͑17͒, let K be such discretization of integral corresponding to either real part or imaginary part of F͑s͒ in Eqs. ͑16͒ and ͑17͒. Let vector f be the corresponding either real or imaginary part of F͑s k ͒, k =1, . . . ,m, and vector g contain the discretized values of function ͑e z ͒. Solution of integral equations given by Eq. ͑16͒ or Eq. ͑17͒ can be formulated as a least-squares minimization problem. To ensure a stable solution of the ill-posed problem we introduce a stabilization functional and formulate a regularized least-squares minimization problem
Here ʈ · ʈ 2 represents the Euclidean norm, and ␣ is a regularization parameter. Solution of minimization problem ͑18͒ is provided by the Euler equation ͓30͔
where K T is the transpose of K and can be expressed in terms of the singular value decomposition ͑SVD͒ of the matrix K. Singular value decomposition of K is given as 
The regularization parameter ␣ determines the weight of each singular value of K in the reconstruction of the vector g. Parameter ␣ must be chosen appropriately so that the solution is close to the true solution. The L-curve method ͓30͔ was used to choose the proper regularization parameter ␣. This method consists in plotting the log of the squared norm of the regularized solution, log͑ʈgʈ 2 2 ͒ against the log of the squared norm of the regularized residual log͑ʈKg − fʈ 2 2 ͒ for a range of values of the regularization parameter. This curve typically has an L shape, and the proper value of the parameter ␣ corresponds to the corner of this curve. To find the corner point and the corresponding value of ␣, we use method of Hansen and O'Leary ͓31͔ who recommended picking the point of maximum curvature. Once the approximation g to the function is reconstructed, the porosity can be recovered using Eq. ͑4͒ rewritten in terms of ͑z͒ 
Results and Discussion
The minimization technique described above allows us to recover the spectral function and therefore the porosity of cancellous bone given the effective properties of bone and of its constituents, trabecular tissue and bone marrow, in a range of frequencies. The forward model presented in Sec. 3 was used to numerically simulate effective shear modulus ‫ء‬ of cancellous bone for each of the five specimens at five different frequencies in a range of frequencies from 10 2 Hz to 3 ϫ 10 4 Hz. The shear modulus of bone marrow was taken as 1 , and 2 was assigned as the complex modulus of trabecular tissue. These data were used in the developed algorithm to calculate estimates for the bone porosity. Results of reconstruction of porosity from real part of F͑s͒ for all five specimens are shown in Table 2 , where P true corresponds to the true porosity of the specimens, and P calc stands for the recovered value. No noise was added to the input data in this case, only computational noise was present.
In some cases, the L-curve algorithm that we used to determine the appropriate value of the regularization parameter ␣ suggests several possible values, more specifically, the corresponding curvature curve, as the curvature graph shown in Fig. 7 , has several local maxima. Most of them give values of porosity outside the unit interval, and hence they were automatically disregarded. Within the feasible range of porosities, only one maximum happens for most cases. In few cases, there were two or even three maxima whose corresponding porosities were taken as the lower and upper bounds for the true porosity. This is reflected in the results shown in Table 2 , as well as in other calculated values shown further.
The next series of numerical simulations was done to test the robustness of the developed minimization technique. Effective properties ͑macroscale͒ can be determined experimentally in-vitro and estimated in-vivo within some error. Properties of bone marrow and trabecular tissue ͑microscale͒ cannot be measured invivo, and even though they can be tabulated from in-vitro experiments, these tabulated values can differ from the true values because they depend on physiological conditions and are subjectdependent. To simulate this situation, different normally distributed random functions were added as "noise" to the material properties of bone marrow and trabecular tissue. Noise was also added to the effective complex shear modulus ‫ء‬ determined using the finite element method for the five samples to imitate possible experimental errors.
For three different specimens, Tables 3-5 show the recon- 
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Transactions of the ASME structed porosity when uncertainty in material properties of trabecular tissue and bone marrow were introduced as noise and noise was added to the effective shear modulus. Estimates of bone porosity were computed from the real part of F͑s͒ using information at five different frequencies in the same range of frequency: 10 2 -3ϫ 10 4 Hz. The true porosity is shown in the column with heading P true , calculated estimates are shown under P calc . Characteristics of added noise are reported in columns noise for = 1 , 2 , ‫ء‬ as mean and standard deviation over the range of frequency for each specimen. Solutions reconstructed using regularization technique depend on the regularization parameter ␣. The reconstruction results show that even with high percent of error in the values of the properties of the constituents and effective modulus, the algorithm was able to recover good approximations of the true bone porosity.
Numerical experiments show that the algorithm is very stable even in the presence of large errors in the estimates of the properties of the constituents and the effective property. This phenomenon can be explained by the presence of the regularization filter. Indeed, the space of data is spanned by the eigenvectors u i of the matrix K. However, the noise is mostly projected onto the last eigenvectors. As the error level increases, the regularization parameter ␣ increases as well, which results in filtering out components of the solution projected on the eigenvectors corresponding to the smaller eigenvalues due to the factor s i / ͑s i 2 + ␣͒ in Eq. ͑20͒. The noise is filtered out together with these eigenvectors. The dominant eigenvalues and eigenvectors are practically unaltered when noise is added, hence, the information stored in the first eigenvectors is recovered with almost no loss. The information contained in the dominant eigenvectors ͑usually the first and/or second one͒ is enough to recover porosity successfully. This can be seen in Fig. 8 where after adding high levels of error ͑noise͒ to the measurements on one of the specimens, the first eigenvector is not affected as much as the fourth eigenvector. In this case, the porosity recovered from noisy data is 0.9279 whereas the true porosity is 0.8987.
Conclusions
The paper presents a method for the calculation of porosity of cancellous bone given the bone complex shear modulus and properties of bone marrow and trabecular tissue. The method is based on the spectral representation of the effective complex shear modulus of composite and reconstruction of the spectral function in this representation; this function has information about the microstructure. We also introduced a forward model for cancellous bone ͑trabecular tissue and bone marrow͒, this was done to numerically determine effective complex shear properties of bone for different real microgeometries needed to validate the method. Micro-CT images of cancellous bone were used in computations of the bone effective properties. Numerical experiments show that the algorithm is stable even in the presence of large errors in the estimates of the properties of the constituents and the effective complex shear modulus. The advantage of this approach is that no a priori model of cancellous bone microgeometry is required. 
